The paper considers the interaction of an electron with a radiation field in the higher approxi mations. Denoting by \]rn that part of the wave function which involves the nth power of the charge e and by frn.m that part of \]rn which refers to m photons, it is found that for a general solution i/r0' t/rlt i/r3 are all finite and \jr4 has finite parts ^4 4 and ^4,2 but divergent ^4,0* ®'or the particular solution which corresponds to outgoing waves of the electron, all divergent integrals disappear. r/rn m is zero for all m different from n, and the value of can be written down easily. The solution makes it now possible to consider exactly processes involving any number of photons, whereas previously exact calculations had to be confined to at most two photons. It is the object of this paper to continue with the solution of the wave equation of Dirac's quantum electrodynamics to higher approximations in the perturbation theory, and so examine the higher approximation terms in the interaction of an electron with a radiation field. These solutions are important in that they will enable us to consider many physical processes to a higher degree of approximation than has been possible so far. In particular, the effect of radiation damping on the crosssection for scattering in the Compton effect can be calculated. [ a v e e q u a t i o n a n d i t s s o l u t i o n . F i r s t a n d s e c o n d o r d e r t e r 
I n t r o d u c t i o n
It is well known that the occurrence of divergent integrals in the quantum electro dynamics of Heisenberg & Pauli (1929 a, b) imposes severe restrictions on the range of application of their theory. These divergent integrals appear when we solve the wave equation. Thus, for the motion of an electron in an electromagnetic field, if we try for the wave function a solution of the form fr = fr0 + eft1 + e2r/r2+ a series in ascending powers of the charge e of the electron, then it is found that r/r0 and \]r1 are finite, but that \}r2 contains divergent integrals. In two recent papers, Dirac (1939 Dirac ( , 1942 has given a method of eliminating the divergent integrals occur ring in ^2. Dirac's form of quantum electrodynamics differs from that of Heisenberg and Pauli in two respects. It involves a certain A limiting process corresponding to an analogous limiting process necessary in classical electrodynamics to express the equations of motion in Hamiltonian form. Further, the representation used is different in that the wave function involves certain field functions as co-ordinates. This new representation requires for its interpretation both positive-energy photons and negative-energy photons, whereas in the representation of Heisenberg and Pauli positive-energy photons alone suffice.
It is the object of this paper to continue with the solution of the wave equation of Dirac's quantum electrodynamics to higher approximations in the perturbation theory, and so examine the higher approximation terms in the interaction of an electron with a radiation field. These solutions are important in that they will enable us to consider many physical processes to a higher degree of approximation than has been possible so far. In particular, the effect of radiation damping on the crosssection for scattering in the Compton effect can be calculated. [ 
] T h e w a v e e q u a t i o n a n d i t s s o l u t i o n . F i r s t a n d s e c o n d o r d e r t e r m s
Let us consider the motion of an electron in an electromagnetic field. Suppose that initially the electron is at rest. The problem, in which the electron is initially not at rest, can be reduced to this case by means of an appropriate Lorentz trans formation. The wave equation is
where m is the mass and e the charge of the electron, the four-vector gives the time co-ordinate x0 and the space co-ordinates x of the electron; p are the energy and momentum operators given by p G = iti d/dx0, p = a and ft are the usual Dirac matrices. The wave function \Jr is taken as a matrix with four rows and four columns, and not as a column matrix, because this representation is more convenient for averaging over the initial states. The units are so chosen that the velocity of light is unity. Using the notation! (a, 6) = = a0b0-arbr = a060 -a.b
for the scalar product, the four-vector potential A^x) is given by the Fourier expansion
where (i) and are respectively the operators of emission and of absorp tion of a photon with energy and momentum given by the four-vector , these operators being defined only for k2 = 0 ; (ii) E means a summation over both values ± \J(k2 + k\ + & §) for k0; (iii) the potentials satisfy the commutation rel
\AtXx ) > -4"(#')] = -^^{ A^
where A is the Jordan-Pauli A function. This leads to the following commutation relations for £ and E* :
where $(k-k') stands for S(kx -k^) S(k2 -k2) S(k3 -k3) and A is a small time like four-vector so that A2 = Ajj -A2 > 0.
The commutation relations (3) are different from those in the theory which uses only positive energy photons, in which case instead of the factor exp { -A)} there is a factor cos (k, A) in the right-hand side of (3). The relations (3) are more symmetrical, but the right-hand side has an imaginary part, showing that these On Dirac's theory of quantum electrodynamics operators are not self-adjoint. This, however, is not a serious limitation since the Hamiltonian is self-adjoint in the lim it'A -» 0. (iv) A 0 is zero here as we are con sidering a single electron problem.
The motion of the electron is described by the solution of the wave equation in the limit A ->0.
To solve the equation (1) 
When n -0 this gives (p 0 -a .p -mj3) t/r0 = 0.
where % is a matrix with four rows and four columns and satisfying the equation 
where (llf l2, l3) are the direction cosines of the vector k.
is given by (p0-a . p -w /?)^2 = -( a . A )^.
The right-hand side, when simplified by the application of the commutation rules (3), will give two terms-one of second degree and the other of zero degree in the £'s. We denote by f t n . mt hat part of xjrn which is of the with degree in the £'s, that is, th part that refers to m photons. When n is even in is even; and when n is odd m also is odd. 
In evaluating an integral of the form E \f ( k 0, k) dk we take j{ f ( k 0, k) + / ( -k0, -k)} dk and integrate over the k space by using polar co-ordinates so that dk = k2dk0dQ = k% sin &dk0dQd<p.
The right-hand side of (10) Hence the complete solution of (14) is
where <f) is an arbitrary function of integration, which must be chosen to suit the special physical conditions of each problem under consideration.
Equation (13) 
Thus the solution of equation (13) is taken to bê 2,2 = (32 mn2)-1 E E J*J{yfc+fc' ± C8(yk+k.)} Rk+k{a t{ 1 + l8cc3) ocr + ar( 1 + l'sct8) at}
where the sign in ± is-determined by We can perform the integration with respect to w, substitute the value of / in (22) and show that ijr3> x tends to a finite value as A<, tends to zero. But for our purposes here, which is to use this value of x]r31 to evaluate and we should retain A0 to the end of the computations. The important result is that is free from divergent integrals.
To proceed to terms of the fourth order, we note that 4 consists of ^4 4, 2 and ^4(0.
\]r4 >4 can be written down easily, the expression for it being similar to that of ^3.3 in (21)* 4.2 is given by (p0-a . p -m p )f4>2 = -( P ) 1 {Zn)-1 jotp{£k.p e«k">*>\jrKX+^e-* * '* * )^3.3} k^d k "
The part arising from \jrz l is free from further integration. The pa be reduced by applying the commutation relations (3) and integrating with respect to k"'. We then integrate with respect to k'z and then when we integrate with respect to the angle variables 'we obtain integrals of the form C. Jayaratnam Eliezer 
where J0 and Jx are Bessel's functions. We thus see that except for C = we are led to divergent integrals for For G -in, equation (24) shows that 'lrn,m = ° for all m + n .
The physical interpretation of taking C as in is that we are taking only those solutions which correspond to outgoing waves of the electron. To show this we follow a method given by Dirac (1935) for the treatment of collision problems, where he shows that for outward moving particles, the solution has a factor
{W ' -W t ' -i n d i W ' -W ). (33)
In the case considered by Dirac (1935) , it applied only to positive energies and we must verify that it also applies to negative energies. For negative W or W', some alterations in the equations of (Dirac 1935, p. 198) , will have to be made. Thus on the right-hand side of equation (27) For values of C other than in we see that ^4>0 contains divergent integrals. When C is zero the solution corresponds to an incoming' plane wave and a spherical standing wave. That this solution which involves only rational functions as integrand should lead to divergent integrals is unexpected in view of a statement made by Dirac, as quoted by Pauli (1943) that 'every (single or multiple) integral with a rational function as integrand is made convergent for large k 's by the simultaneous application of the A limiting process and the negative energy photons'. We now see that this result is not necessarily true for all integrals with rational integrands, for it is not correct to say that every integration will always lead to rational functions. Integrals with respect to k0 will be of the form
where a is independent of Jc0 but is a function of d, <j>, kr, k", . ... This integral has the value -2inf(a) e~iaXo which when integrated over the directions of k may lead to non-rational functions of k-, k " ,__We see that this does happen when we evaluate the integral I in (23).
D i s c u s s i o n
We thus see that in the general solution with the constant C arbitrary, ijr0, ^2> \jrz are all finite, and xjr^ contains finite parts ^4>4 and ^4 2 but divergent ^4 0. The particular solution with C equal to in, that is the solutio waves of the electron, is free from divergent integrals to any order of approximation in the perturbation theory.
n is zero for all m different from The value of can be written down easily for any n, the expression for it being similar to that of ^3,3 in (21)-
The solutions here obtained are important in that they can be used to consider various processes involving any number of photons, whereas previously all accurate determinations had to be restricted to processes involving two photons at most. For example one can now calculate rigorously the probability of one photon splitting into two or more photons in the presence of an electron, or the probability of annihi lation of an electron and a positron with the emission of a number of photons. Again, one can now include exactly the effect of radiation damping on the cross-section for scattering in the Compton effect. The principally important term that is likely to lead to alterations in the Klein-Nishina formula for the scattering cross-section is the term e4 ^4> 2 and this is found to be zero. Bhabha (1942) has from general con siderations given reasons why there should be modifications in the Klein-Nishina formula. It is just possible that the term e4^4 4 may give rise to certain contributions towards the scattering cross-section, since two of the four photons, to which this part of the wave function refers, may be such that they have the same frequency,' and one is absorbed and the other is emitted in the same direction, thus giving a process which is indistinguishable from one in which two photons take part. In this way it may be possible to reconcile Bhabha's conclusions with the results of this theory. The examination of this question and the calculations of the modification of the Klein-Nishina formula is now in progress and will be dealt with in a further communication. To determine Q of (24) we can take the principal value of the integral, that is, we take the range of integration with respect to * to be ( -H, H) and then we make H tend to infinity. The contribution from the second and third terms in the curly bracket in (24) 
This work was begun at
We have taken as zero the value of certain terms which oscillate at infinity about the mean value zero.
To evaluate the first term in Q we note that if we directly integrate with respect to t the result will involve the logarithmic integral, and its subsequent integration with respect to x will prove difficult. To avoid this difficulty we invert the order of integration. It is simpler to first transform to a new variable y f= t~x and to cut off those points liable to lead to difficulties of divergence. The integral is thus taken as lim f f I"'P_X+ f H ( p + n i l^t f^d y d x . 
The second integral, in spite of its complex appearance, can be evaluated easily as follows. We first change the variable from a; to £ where = 1 -and then to <j), where t = e^. It is thus found to be 
